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ABSTRACT
A purely combinatorial proof of a recent result of M. Gitik and S. Shelah is
presented.

In this note we present a purely combinatorial proof of a recent result of M.
Gitik and S. Shelah. For a cardinal \, let 2* be the usual product space. Denote
by B, the o-field generated by the basic open sets in 2*. Let K, and L, denote, re-
spectively, the ideals of meagre and measure zero sets in 2*.

TaeoreM (Gitik, Shelah [GS]). Lef I be a nonprincipal, k-complete ideal on a
regular, uncountable cardinal k. If for some \ = K, the Boolean algebra P(«)/I is
isomorphic either to B, /K, or to B,/LL,, then A = ™.

Our formulation is slightly different from that of [GS] (compare Corollary 1.4
and Theorem 2.6 in [GS]). The proof in [GS] uses metamathematical techniques
like forcing and generic ultrapowers. I have received a letter from Professor D. H.
Fremlin with another combinatorial proof of the Gitik-Shelah theorem.

§0. Preliminaries

We fix the notation and recall some definitions. Ord is the class of all ordinal
numbers in the sense of von Neumann.

Let 7 be an ideal on cardinal k. We consider only nontrivial ideals, i.e. & € I and
k & I. I is nonprincipal iff [x]1<® € I; I is uniform iff [k]<* € I; I is k-complete
iff U@ € I for each @ < I such that |@| < «; I is a g-ideal iff I is R,-complete. We
let I*t={AcX:A¢ljand I‘={AC X: X\A € I}.
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Let X be an arbitrary set. For DSk X X, a <kand x€ X welet D, = {x €
X:{a,x)€D}and D* = {a < «:{a,x) € D}.

We sometimes abuse the above notation by treating a x-sequence (D, : o < )
of subsets of X as a single D € « X X.

Assume that 7 is an ideal on « and J is an ideal on X. We define two ideals on
kXX ForDck X X:

DelxJ iff {a<k:D,eJt}el,
De (UJxIT iff{xeX:D*Xel*})eJ

For S € \ we have a continuous projection ms: 2 - 25 given by 7s(x) = x|S.
If B € B, then there exist a countable set § < \ and a Borel set A € 25 such that
B = 75! [A]. We call any such S a support of B. Similarly, if T:2» - 2¢ is B,-
measurable, then there exist a countable set S € \ and a Borel function 7°: 25 - 2¢
such that T(x) = T(xlS) for every x € 2*. We call S a support of T.

We shall say that an ideal J on 2* has base in B, if for each A € J there is some
B € JN B, such that A € B.

K, and L, are the o-ideals with base in B,.

For a g-ideal with base in By and S S A we let

Js={A € 25:for some B € Bg, A € Band 75'[B] € J}.

Then Jg is a o-ideal on 25 with base in Bg.
By ID(«, ) we denote the assertion that « is a regular, uncountable cardinal and
that 7 is a nonprincipal, x-complete ideal on k. We define three properties:

QMC(«,I) iff ID(«,I) and P(k)/I satisfies the c.c.c.
BTC(«, 1) iff ID(«,I) and for some A, P(x)/I = B, /K,.
RVM(«, I) iff ID(«,I) and for some A, P(x)/I = B,/L,.

Let us briefly sketch the main idea of the proof of Theorem. Let I be an ideal
satisfying the assumptions of Theorem. We look for ideals J satisfying the follow-
ing Product Property: I x J € (J x I)". In §1 we show that this property holds
for the ideals of meagre and measure zero sets. In §2 we prove that if J satisfies
the Product Property then there are no large, J-almost disjoint families of func-
tions. On the other hand, in §3 we produce some large ADF from the assumption
that A < «.
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§1. Product property for category and measure

Lemma 1.  The following are equivalent:

W) IxJcs(Ix D

Q) (@YyxJes (IxDT,

By IfYeJtand{Co:xe Y} it thenthereexists ZS YsuchthatZE€ J+
and Nz C, # <.

PROOF. An easy verification. O
PropoOSITION 2. Assume BTC(«x,I). Then I x K, S (K, x I7.

Proor. Assume that for some N\, P(x)/I = B, /K,.
It is easy to observe that it suffices to prove the following:

If G € k X 2¢ is such that for a < «, G, is dense open in 2°, then the set {x €
2°:G* € [} is a dense G5 in 2°.

Let {I,: n < w) be an enumeration of all nonempty, basic open sets in 2¢. Set
K, ={a<«x:I, S G,}. Then G =U,,K, x I,. For x € 2 we have G* =
UiK,:n<wand xe I,}.

Consider the set {K,/I:n < w} € P(x)/l. Asis known, each countably gener-
ated subalgebra of B, /K, has a countable dense set. Hence, there exists a family
{A,,:m < w) S I*suchthat for all x € 2® we have: 2 {K,/I:n<wandx€l,} =
1 iff for all m < w there exists n < w such that x€ I, and K, N A, € I,

Form<wlet H,=U{l,:n<wand K,N A, € *}. Then

(x€2¢:G*e€IY= (\ Hn-
m<w

So we complete the proof if we show that each H,, is dense in 2“, Fix m < » and
let J be an arbitrary, nonempty, open set. We shall show that JN H,, # &. As
each G, is dense open, we have

k=fa<k:G,NJ#* I}

= la<k:,€G,NJ}

n<w

=J{K,:n<wand I, J].

But A, € I'". Hence, for some n < w with I, & J we must have K, N 4,, € I*. So
I,.<JNH, and JN H, # D as required. a
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ProposiTION 3. (Kunen) Assume RVM(«,I). Then I x L, < (L, x I)7.

Proor. By the assumption there exists a nontrivial, x-additive measure
m:P(k) - [0,1] such that = {A S k:m(A) = 0}. Let X be the Lebesgue mea-
sure on 2¢ and assume that D € x X 2“ is such that for « < «, N(D,) = 0. For
m < w we can find a set G(m) € « x 2¢ such that for « < x, G(m), is an open set
of Lebesgue measure < 1/(m + 1) and D, € G(m),. Let H = N, G(m).
Denote by m x M\ the product measure defined on the o-field P(x) x B,,.

First observe that Ff € P(x) X B,. For let {I,:n < w} be an enumeration of all
basic open sets in 2¢. For m,n < w let K} = {a < «:1, S G(m),}. Then

H=(N UKy xI,.
m<w n<w
By the Fubini Theorem (m x \)(H) = 0 and A({x € 2*:m(H*) > 0}) = 0.
Hence, {x € 2°:D* € I*} € L, as required. O

The next two lemmas allow us to extend Propositions 2 and 3 to the spaces 2*
for infinite p < «.

LemMa 4. Assume QMC(x,I) and w < p. < k. Let {S,: o < k} S [p]®. Then
there exists S € [n]® such that {a <«x:S,c S} €I”.

Proor. Enumerate each S, as {82 :n < w}. For each n < w the function a -
B2 splits « into < u parts. By the c.c.c. and k-completeness of I, there is T, € [u]®
such that {a < x:82 € T,,} € I°. Now set S = U<, T,. 0

Lemma 5. Assume QMC(«k,I) and let J be a g-ideal on 2 with base in B,.
If for each countable S < k, I X Js S (Js X I)T then, for each infinite u < k, I X
J, € (J, x DT

Proor. Routine. Use the fact that each set from B, has a countable support
and apply Lemma 4. O

COROLLARY 6. (1) Assume BTC(x,I)andw<p<«. ThenIxK, < (K, X I)T.
(2) Assume RVM(«, 1) and w < p < k. Then I x L, < (L, X D" m|

We cannot have u = « in Corollary 6 because of the following counterexample:
Let { X, :a < k} be any partition of « such that | X,,| = 8, for a < k. For a < x we
let

B, ={z€2":(v8 € X,)(z(8) = 0)j.
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Then B, € B, and B, is closed, nowhere dense and of measure zero. Let H =
{z€2*: (A < k)(VB > a)(z(B) = 0)}. Observe that if z € H then z € B,, for all
but < « a’s. By the uniformity of I,

Hc(ze2:B*elyc{ze2*:B*el"}.

On the other hand, if S € [«]“, D < 2% and D # 25 then H is not contained in
{z € 2*:z|S € D}. This implies that H ¢ K, U L,.

§2. Product property implies that there are no large ADF

To the end of this paragraph we assume that [ is an ideal on x and J is an ideal
on some set X.

LEMMA 7.  Assume that I is uniform and I x J < (J x I)T. Let {zg: 8 <k} S
X. IfAS«kand (z5:8 € A} € J*, then for some o <k, {zg:BEANa}E ™.

Proor. Assume otherwise. For & < klet D, = (z3:8 € ANa). ThenD €
I x J. Since D,’s are increasing, for 8 € A, z5 belongs to almost all D,’s. Hence
{z5:8 € A} € {x € X: |k\D*| < «}. By uniformity, {x € X: [«\D*| < «} &
{x € X:D* € I'*}. But this contradicts that D € (J x I)7. a

LemMA 8. Assume that | X| < x and that I is k-complete. Then (J X )" S I x J.

Proor. Assume that D € ({@} x I)7T. Hence, for every x € X, D* € I. As
| X| < k and I is k-complete, we have U,cx D* € 1. But obviously
{a<k:D,eJ'}cSla<k:D,+3}c U D~

xeX

Hence De 1 x J. O

DerNiTION. A family F of functions on X is said to be J-almost disjoint iff for
each distinct T, 7" € F, {xe X: T(x)=T'(x}} € J

If ¥ < ¥Ord then we shall say that F is (J, k, k)-concentrated iff there exists a
YeJ*, |Y| =«ksuchthat {x € Y:T(x) < x} €J* for all T € F. This may be
viewed as a generalization of F S “x.

ProprosITION 9. Assume that I is nonprincipal, k-complete and I X J ©
(Jx DT If § < X Ord is J-almost disjoint and (J,«, x)-concentrated family, then
|F| < «.

PROOF. Assume to the contrary that |F| > «. Let Y € J* be such that |Y]| <
kand forall Te F, {x € Y:T(x) < x} € J*. By the assumptions on /, « is a reg-
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ular cardinal. Enumerating Y, using Lemma 7 and shrinking & if necessary, we see
that we may assume without loss of generality that |Y| < «.

For Te€ ¥, kN T[Y] is bounded in «. Shrinking & again, we may pick » < « such
that for T€ F, k N T[Y] € 4, hence

(xeY: Tx)<gl={xeY:T(x)<k}leJ*

From now on we fix distinct 7, € &, a < &.
Fora<kwelet D, ={x€ Y:T,(x) <7n}. Then D ¢ I x J. Using Lemma 8
for the ideal {Z € Y: Z € J}, we obtain that

W={xeY:{a<k:T,(x)<q}elt}eJ"

The x-completeness of I allows us to define a function 4 : W — y such that for
xeW, {la<k:T,(x)=h(x)}EI".

As I is nonprincipal we can apply Lemma 1.3 twice and obtain ZS W, Ze€ J*
such that |Nyez {a < «: T,(x) = h(x)}| = 2. This gives us two distinct a, &’ < &
such that Z € {x € X: T, (x) = T,.(x)}. But this gives a contradiction, since F is
J-almost disjoint. 0

§3. A\ < x implies the existence of large ADF

To the end of this section we assume that J is a o-ideal on 2* with base in B,.
The next lemma is essentially a theorem of Sikorski on inducing o-homomorphisms
applied to our case.

LemMa 10.  Assume that I is a o-ideal on k and  : B\/J — P(k)/I is an isomor-
phism. Then:

(1) There exists a function R:x— 2) such that y is induced by R, i.e. for each
BEB,, y(B/J)=R™' [B]/L

() If A € I then {R(B):B € A} € J*; in particular, for each N W
(R(B)|S:BE€ A} €JS.

(3) If f:x > 2¢, then there exists a B\-measurable function T;:2* — 2 such
that (B < x:Tr(R(B)) =f(B) €I

@) If f,g:x > 2% and {B < «:f(B) = g(B)} €I then

(xe2M:Ty(x) =T,(x)} € J

Proor. We only sketch the proof, leaving some details to the reader. First ob-
serve that if A < w, then J = { @} and the Lemma follows by easy cardinal argu-
ments. So let us assume that A = w.
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(1) For & < \ pick sets Es S « such that ¢ ({x € 2* : x(8) = 1}/J) = Es/I. Define
R :x— 2* as follows:

R(B)(S) =1 iffBEE;, forB<k and <A

Using the o-completeness of ideals, it is easy to prove by induction on the complex-
ity of B that y is induced by R.

(2) This follows from (1) and the definition of Js.

(3) For n < w pick sets B, € B, such that

V(B /) = (B <k:f(B)(n) =1}/

Define T;: 2* — 2¢ by the formula: Ty (x)(n)=1iff x€B,, forx € 2Mand 7 < w.
(4) We have {x € 2*: T;(x) = T,(x)} € B,. Now use (1) and (3). ad

PrOPOSITION 11.  Assume that I is a uniform o-ideal on « < 2*° and P{x)/I =
B,/J for some \ < «. Then there exist p < k (p < \) and F < ¥ Ord such that
|F| >« and § is a J,-almost disjoint, (J,, «,k)-concentrated family.

PROOF. As k < 2% we fix E € 2¢ so that |E| = «.

It is well known that there exists a family G € “E which is [«] <*-almost disjoint
and such that |G| > «.

Fix an isomorphism v : B, /J —» P(«)/I and let R : k — 2" be a function given by
Lemma 10(1). Using Lemma 10(3), for each f € G we pick a By-measurable func-
tion 7}:2x — 2¢ such that {8 < «: Ty (R(B)) = f(B)} € I°. We also pick a count-
able S; < \ such that Sy is a support of T;. By the assumption on /, the cofinality
of « is uncountable, so each S, is bounded in «. Hence, by shrinking G, we can
find u < k (u < \) such that S; € p for each f € G. Now pick functions 7} :2* —
2¢ such that Ty(x) = Ty(x|p) for x € 2*. Set § = {T;:f€ G}.

We claim that & has the required properties. By the uniformity of 7/ and Lemma
10(4), we see that & is J,-almost disjoint and |F| > «. Consider ¥ = {R(8)|p:
B <k} €2# Then Y € J by Lemma 10(2) and for f€ G, {R(8)|pn:8 < x and
T;(R(B)|w) EEY € J.

Now we may treat 2¢ as an ordinal number with the set £ coinciding with «.
Hence, (x€ Y: T}(x) <k} € J;}. Thus §is (J,,«,k)-concentrated. O

§4. Proof of Theorem

Assume to the contrary that A < « and let J =K, or J =L, depending on whether
P(x)/I = B, /K, or P(x)/I = B,/IL,. By Proposition 11, there exist p < x and a
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family ¥ < 2“Ord such that |F| > « and F is J,-almost disjoint and (J,,«,«)-
concentrated. By Corollary 6, I X J, € (J, X I )T. Hence, by Proposition 9, we
conclude that || < «; a contradiction. O

One could try to improve Theorem in various directions. As noticed in [GS] one
cannot conclude that \ = 2%o,

ProBLeM. Under the assumptions of Theorem: Is it consistent that A < 2%o
and A is a regular cardinal?

Added in proof. The referee remarks that the answer to this problem is: Yes. Let
x be measurable and 2¢™° > x*“*!, Add «**' Cohen or random reals.
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